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Optimizing the management of uneven-aged Pinus nigra stands between
two stable positions

Ignacio López Torres (1), Sigfredo 
Ortuño Pérez (1), Fernando García
Robredo (1), Carmen Fullana 
Belda (2)

This study proposes a discrete optimal control model to obtain harvest strate-
gies that maximize the net present value (NPV) of the timber harvested from
uneven-aged  Pinus  nigra stands  located  in  the  Spanish  Iberian  System,
between two stable positions. The model was constructed using an objective
function  that  integrates  financial  data  on the harvesting  operations  with a
matrix model describing the population dynamics. The initial and final states
are given by the stable diameter distribution of the stand, and the planning
horizon is 70 years. The scenario analysis corresponding to the optimal solu-
tions revealed that the stand diameter distribution does not deviate substan-
tially from the equilibrium position over time and that the NPV for the optimal
harvesting schedule was always greater than the NPV for the “sustainable/sta-
ble”  harvesting  strategy.  The  NPV  increase  for  the  different  scenarios  is
between 5.36% and 14.43%, showing a greater increase in higher site index
scenarios and higher recruitments.

Keywords:  Sustainability, Stability, Equilibrium, Optimal Harvesting, Discrete
Optimal Control, Matrix Model

Introduction
In a broad sense, a system is considered

to be stable if  it always returns to a refe-
rence position (equilibrium) after small dis-
turbances. In a forest ecosystem the main
factors influencing this equilibrium are re-
cruitment,  transitions  between  diameter
classes, and mortalities (natural or induced
by harvesting –  Schütz  2006).  These pro-
cesses of evolution over time can be easily
modeled using a matrix population model
(e.g.,  Buongiorno  & Michie  1980,  Caswell
2001, Liang & Picard 2012, Vanclay 2012), for
which  the  population  growth  rate  is  the
dominant  eigenvalue  λ of  the  transition
matrix  and  the  equilibrium  position  is
determined by  the  stable  diameter  distri-
bution W0. Stand management practices ai-
med at conserving this equilibrium are im-
portant because they represent the stand’s
ability to persist in the face of external dis-
turbances.  Managing a  stand by  applying
the “sustainable/stable” harvesting strate-
gy (López et al. 2007, 2008, 2012, 2013) is a

good way to reach and maintain that equi-
librium with sustainability. In fact, the “sus-
tainable/stable”  harvesting  strategy  is  ai-
med at reaching the stable diameter distri-
bution of the stand for each harvest, yield-
ing  for  all  the  diameter  classes  and  time
steps  the  following  “sustainable/stable”
harvest rate (eqn. 1):

where λ0 is the dominant eigenvalue of the
transition  matrix  without  harvests,  and  s
also includes the natural mortalities. This is
a  sustainable  harvesting  strategy  too  (in
the  sense  of  population  persistence  over
time)  because  s corresponds  to  the  case
such that the right eigenvector associated
with the dominant eigenvalue  λ = 1 of the
transition matrix with harvests, is W0.

By  contrast,  many  harvesting  strategies
do not satisfy the requirements of sustai-
nability or stability. In fact, using an objec-
tive function that integrates financial data

of harvesting operations with a matrix mo-
del to describe the population dynamics, a
recent discrete optimal control model pro-
posed by  López et al.  (2013) showed that
the economically optimal harvesting strate-
gies underlying the solutions of that model
changed  the  stand  towards  distributions
more  characteristic  of  even-aged  stands
and substantially deviated from the stable
diameter distribution. Moreover, the corre-
sponding economically optimal harvesting
strategies  were  always  unsustainable,  in
the sense that the population growth rate
λT for the whole harvest cycle was always λT

< 1,  being  λT the  dominant  eigenvalue  of
the transition matrix from t = 0 to t = T, and
T the planning horizon.

This study investigates the existence of a
new sustainable, stable, and economically
optimal  harvesting  strategy  for  uneven-
aged  Pinus  nigra stands  in  the  Spanish
Iberian  System.  We  rely  on  an  objective
function  that  integrates  financial  data  of
harvesting operations with a matrix model
that  describes  the  population  dynamics,
which  creates  a  discrete  optimal  control
model.  In addition, it is investigated whe-
ther  the sustainability  and stability  condi-
tions can be satisfied by assuming the sta-
ble  diameter  distribution  of  the  stand  as
the initial and final conditions, that is X(0) =
X(T)  =  W0.  Furthermore,  we examine  the
effects of diameter growth, stand density,
and recruitment on those strategies,  con-
sidering a wide variety of typical manage-
ment scenarios in the study area, obtained
by  combining  three  rates  of  diameter
growth, three levels of stand basal area (G
= 22, 24, and 26 m2 ha-1), and three levels of
global recruitment (scarce:  R = 200 stems
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ha-1; normal:  R = 520 stems ha-1; and abun-
dant:  R = 840 stems ha-1).  Finally,  an eco-
nomic  comparison  has  been  performed
between  this  economically  optimal  har-
vesting strategy between two stable posi-
tions and the “sustainable/stable” strategy
for each scenario.

In  general,  optimal  control  theory  ena-
bles  the solution of  a  wide variety  of  dy-
namic problems, for which the evolution of
the  dynamic  system  (discrete  or  continu-
ous)  can  be  partially  controlled  by  the
agent’s  decision.  In  every  moment  t,  the
system can be described by a set of state
variables  xk(t) (e.g., stems ha-1 in diameter
class k at year t), so the manager chooses a
specific set of control variables  hk(t) (e.g.,
harvest rate in diameter class  k at year  t).
Different  values  for  the  control  variables
imply  different  paths  in  the  phase  space
for the dynamic system and the manager
must  determine  the  control  values  that
maximize the selected objective, according
to the constraints of the problem.

Many  authors  have  considered  optimal
control theory to model forest stands ma-
nagement both in continuous case (Haight
1985,  Sethi & Thompson 2000) and in dis-
crete case (Kronrad & Huang 2002,  Tahvo-
nen 2004, López et al. 2010, 2013).

In the following sections, we describe the
model  and  the  estimates  of  the  corre-
sponding parameters. The general calcula-
tions, including regressions, employed the
software  Maple (2014) version 18, and the
solutions  to  the  optimization  problems
were  derived  using  the  Solver® tool  run-
ning under MS Excel 2013®.

Materials and methods

Discrete optimal control model
This model has three main features: (1) an

underlying discrete  time dynamic  system,
given  by  the  stand  population  dynamics;
(2)  an objective  function,  which is  in  this
case the net present value (NPV) of timber
income over a fixed time horizon T; and (3)
a set of constraints.

The  combination  of  the  objective  func-
tion with  the population dynamics model
and  the  constraints  produces  a  discrete
optimal  control  problem,  from  which  we
have  to  determine  control  variables  hk(t)
that  globally  maximize  the  function  NPV
subject  to  the  population  dynamics  and
constraints.

Stand population dynamics
The stands of the study area are located

in the Spanish Iberian System, a mountain
range extending about 400 km along the
north-eastern edge of the Central Plateau,
including 60% of the area occupied by Pinus
nigra in Spain (Grande & García Abril 2005).
The management of  Pinus nigra stands in
this area is currently based on the growth
and yield tables for Pinus nigra Arn. in the
Spanish  Iberian  System  (Gómez  Loranca
1998). The data in these tables are classi-
fied according to growth rates into five site

qualities, of which only the first three have
been  selected  as  our  data  source.  These
three qualities were defined by the domi-
nant heights reached at the reference age
of 60 years (20, 17, and 14 m, respectively).
The study area is very large, covering the
whole range of  P. nigra in the Spanish Ibe-
rian System. Therefore, the spectrum of va-
lues taken by environmental variables such
as slope, soil  type, and even climatic cha-
racteristics is also very wide. This variability
is captured in the growth and yield tables
used by considering different site qualities
that  reflect  variations  in  topography,
height, slope, aspect, weather, and vegeta-
tion.

The population dynamics model that inte-
grates  recruitment,  harvesting,  and  stem
migration throughout the diameter classes
over time is based on the model proposed
by  López et al. (2007,  2008) for  Fagus syl-
vatica L.,  and by  López et  al.  (2012,  2013)
for Pinus nigra Arn. stands.

The  starting  assumptions  were  as  fol-
lows: (a) the forest is in a steady state; (b)
the  average  diameter  growth  curves  for
site  indices  20  to  14  are  defined  by  the
Bertalanffy-Richards model (Von Bertalanf-
fy  1938,  Richards  1959);  (c)  within  each
diameter class, the probability distribution
for  the  diameter  of  the  trees  is  uniform
(rectangular);  and  (d)  harvesting  opera-
tions occur at the beginning of every pro-
jection interval.  Group selection cutting is
the  silvicultural  system  used  because  P.
nigra is  not  a  shade-tolerant species,  and
the gaps opened in the canopy through sin-
gle-tree selection cutting would not be lar-
ge enough to ensure regeneration.

Harvesting  operations  in  the  study area
generally  take  place  every  10  years,  thus
we adopted this period as the range of the
projection intervals in the model. Conside-
ring  this  time  period  and  the  diameter
growth  functions  corresponding  to  site
indices 20 to 14, trees were grouped into n
diameter classes of equal width w = 6 cm:
0-6, 6-12, 12-18, …, 30-36, …, with the last
class  being  more  than  48  cm  (48, )  for→
site index 20, more than 42 cm (42, ) for→
site index 17 and more than 36 cm (36, )→
for site index 14 (note that  n = 9 for site
index 20,  n = 8 for site index 17, and n = 7
for site index 14). Therefore, an individual
tree  in  class  k can  remain  in  class k or
progress to class k + 1 during the projection
interval (t,  t + 10). The number of trees in
each  class  changed  for  each  projection
interval  because  some  were  harvested,
some remained in the same diameter class,
and others grew past the boundary to the
next diameter class. In such conditions,  pk

refers to the probability that an individual
tree in class k at time t will appear in class k
+ 1 at time  t + 10.  The term  rk,  or  recruit-
ment  coefficient,  is  the  number  of  off-
spring (stems ha-1) living at time t + 10, pro-
duced in the interval t, t + 10 by an average
tree  in  class  k at  time  t.  Similar  to  many
standard size classified matrix models, we
did  not  consider  the  smallest  diameter

class to be fertile (Caswell 2001). The varia-
ble  hk(t) defines the proportion of harves-
ted trees in class k at year t, natural mortal-
ity included. Finally,  xk(t) and xk(t + 10) des-
cribe the stem densities in class k at the ini-
tial and final projection times. By analysing
the  dynamics  of  the  projections,  we find
that the model is described accurately by
the following matrix model (eqn. 2):

where (eqn. 3):

and I is the identity matrix; H(t) = diag[h1(t),
h2(t), …, hn(t)] is a diagonal matrix with the
harvest rates  hk(t);  and  X(t)  and  X(t + 10)
are  column  vectors  indicating  the  stem
densities  at  the  initial  and  final  times  of
projection, respectively.

Objective function
Considering  that  the  main  goal  for  the

stands in the study area is the production
of  timber,  the  objective  function  of  the
optimization problem is the NPV of all ma-
nagement operations over a planning hori-
zon  of  T =  70  years,  discounted  to  the
beginning  of  the  period  and  from  the
landowner’s perspective, that is (eqn. 4):

where vk(t) is the stumpage value that cor-
responds to class k at year t (€/stem) and i
is  the  discount  rate.  The  first  summation
represents the income derived from timber
sale  and  the  second  is  the  final  stocking
value. It is well known that the NPV is a jus-
tifiable management objective for a single
economic goal (Siegel et al. 1995).

Harvesting costs are not  considered be-
cause  harvesting  operations  are  not  paid
by the owner. The costs for the owner of
the land are the opportunity cost of the in-
vested capital and the opportunity cost of
the land. None of them are explicit costs,
but  they  are  incorporated  into  the  NPV
obtained. This hypothesis is not restrictive
since active forest management in the Me-
diterranean  area  is  not  frequent  and  the
owner does not invest any effort in silvicul-
tural actions.

The cost of harvesting operations would
be paid by the buyer of the stumpage and
that is the reason we did not consider it in
the present study.

Set of constraints
As mentioned above, the initial and final

conditions  must  represent the stable dia-
meter distributions of the stand W0. There-
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fore, the first constraints are given by (eqn.
5):

We  also  set  the  following  obvious  con-
straints (eqn. 6):

for k = 1, 2, … , n and t = 0, 10, 20, 30, … , T -
10, where mk is the natural mortality in k-th
class.

On the other hand, by applying the “sus-
tainable/stable”  harvesting  strategy  to
each scenario and setting X(0) = W0 as the
initial condition, the basal area of the stand
continuously oscillates between values Gmin

(after harvesting) and Gmax (before harves-
ting), and the stable diameter distribution
is reached at each time step. Therefore, to
compare the economically optimal and the
“sustainable/stable” harvesting strategies,
it is essential to assume an additional con-
straint  to  maintain  the  stand  basal  area
throughout  the  harvest  cycle  within  the
range  Gmin  -  Gmax during  the  optimization
process, where Gmax was 22, 24, and 26 for
the three levels  G = 22, 24, and 26 m2 ha-1,
respectively, and Gmin is the minimum basal
area reached for each scenario under the
“sustainable/stable” harvesting strategy.

Optimization method
For each discount rate, the tool Solver® of

MS Excel 2013® was used to obtain a glo-
bally  optimal  solution  of  these  nonlinear
models  by  applying  multistart  methods.
These methods provide a “convergence in
probability” to a globally optimal solution,
which means that as the number of runs of
the nonlinear Solver routine increases, the
probability  that  the globally  optimal  solu-
tion has been found also increases towards
100%.

The control variables  hk(t) that maximize
the objective function NPV (always under
the  population  dynamics  and  the  con-
straints  mentioned  above)  are  the  solu-
tions  to  the  corresponding problem (one
optimal solution for each scenario). Finally,
the  optimal  harvesting  schedules  are  de-
fined  by  the  combination  of  the  control
variables  hk(t)  corresponding  to  the  sce-
nario analyzed.

Input estimation

Transition probabilities
We calculated the transition probabilities

by  applying  the  method  introduced  in
López et al. (2012) considering that, given
the  basal  area  constraints  and  the  low
basal  area  scenarios  of  this  study,  stand
density has a small  influence on diameter
growth. Thus, the diameter growths were
defined  by  the  Bertalanffy-Richards  func-
tion (Von Bertalanffy 1938, Richards 1959 –
eqn. 7):

adjusted using regression analysis to data
points  [t,  D(t)]  obtained  from  tables  by
Gómez Loranca (1998). The main characte-
ristics of these growth models are shown
in Fig. 1.

Using these diameter-growth models, the
transition probabilities from class i to class
(i + 1) or from interval [6(i- 1), 6i] to interval
[6i, 6(i + 1)] are given by (eqn. 8):

for  i =  1,  2,  3,  4,  …,  n-1,  where  f -1 is  the
inverse function of  f in  eqn.  7  defined as
(eqn. 9):

where t is the age in years and D is the dbh
in cm.

The above-mentioned transition probabi-
lity equation is a direct application of the
formula introduced by  López et al.  (2007,
2008) for a Bertalanffy-Richards model. We
provide the calculations for site indices 20,
17, and 14 in Tab. 1.

According to the model assumptions and
the methodology used, we had to consider
that  the  same  transition  probability  pk

applies to all of the individuals in the same

class k (where there might exist individuals
under  very  different  conditions),  i.e.,  the
transition probability pk is a global property
shared by all of the individuals in the same
class  k, independently of their local condi-
tions.  We  consider  that  the  stratification
into three site index classes must result in
low variability around the mean pk values.

Recruitment and basal area
Pinus  nigra regenerates  well  under  its

own  canopy  (Retana  et  al.  2002,  Tíscar
2007), and recruitment may be very abun-
dant even at high densities, as described by
Tíscar  Oliver  et  al.  (2010) who  reported
more than 1875 stems ha-1 during a regene-
ration event in Pinus nigra stands with G =
51.96 m2 ha-1. Nonetheless, there is a critical
basal area for sufficient light transmittance
for  regeneration,  approximately  20-30  m2

ha-1 (Schütz 1989, Serrada et al. 1994). The-
refore, we have considered in the calcula-
tions  three  levels  of  stand  basal  area  in
that range, G = 22, 24, and 26 m2 ha-1. With
these basal  area  values,  we assumed the
same three levels of recruitment (R) as in
our  previous  studies:  (i)  200  stems  ha-1

(scarce  recruitment);  (ii)  520  stems  ha -1

(normal);  (iii)  and  840  stems  ha-1 (abun-
dant). For these cases, similar to other ma-
trix models for tree species (Van Mantgem
& Stephenson 2005), we attributed the glo-
bal amount of recruitment R entirely to the
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Fig. 1 - Diameter growth 
models (dbh D in cm and
time t in years).
I: Site index 20, D = 51.68
(1 - e-0.015259t)1.255111; II: Site 
index 17, D = 46.645633 
(1 - e-0.014318t)1.337062; III: Site 
index 14, D = 40.644134 
(1 - e-0.013838t)1.456382 . The 
coefficient of determi-
nation was always 
greater than 0.999.

Tab. 1 - Transition probabilities (pk) between diameter classes for each site index.

Transition Site index 20 Site index 17 Site index 14
(0-6)  (6-12)→ p1 = 0.7697 p1 = 0.5951 p1 = 0.4564
(6-12)  (12-18)→ p2 = 0.8602 p2 = 0.6824 p2 = 0.5326
(12-18)  (18-24)→ p3 = 0.7913 p3 = 0.6200 p3 = 0.4697
(18-24)  (24-30)→ p4 = 0.6828 p4 = 0.5190 p4 = 0.3692
(24-30)  (30-36)→ p5 = 0.5533 p5 = 0.3971 p5 = 0.2475
(30-36)  (36-42)→ p6 = 0.4106 p6 = 0.2618 p6 = 0.1119
(36-42)  (42-48)→ p7 = 0.2587 p7 = 0.1171 -
(42-48)  (48, )→ → p8 = 0.1000 - -
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last diameter class (r2 = r3 = … = rn-1 = 0; rn =
R/[xn(0)]),  which had no influence on the
stable diameter  distribution of  the stand,
which is established by transition probabili-
ties,  global  amount  of  recruitment,  and
stand basal area (López et al. 2007).

Natural mortalities
We  estimated  natural  mortalities  based

on previous studies. Specifically, Misir et al.
(2007) developed a mortality model for Pi-
nus nigra subsp. pallasiana in Turkey from a
logistic model and the observed data. They
estimated an overall annual mortality rate
of  1.41%,  equivalent  to  a  13.24%  mortality
rate in a 10-year period.  Trasobares & Puk-
kala  (2004) studied  Pinus  nigra Arn.  in
north-eastern Spain and suggested natural
mortality rates of 2% (including minimal in-
termediate thinning) for the D > 30 cm dia-
meter classes. Therefore, the following 10-

year individual  tree constant mortality ra-
tes for each diameter class were assumed:
m1 = 0.20; m2 = 0.14; m3 = 0.08; m4 = 0.05; m5

= 0.03; and m6 = m7 = … = mn = 0.02.

“Sustainable/stable” harvesting strategy. 
Stable diameter distribution

As  mentioned  above,  the  “sustainable/
stable” harvesting strategy is aimed at rea-
ching  in  each  harvest  the  proportion  of
stems ha-1 in  each class  corresponding to
the  stable  diameter  distribution  of  the
stand,  yielding  the  following  “sustaina-
ble/stable”  harvest  rate  shown  in  eqn.  1,
for  all  of  the  diameter  classes  and  time
steps.  This  rate  corresponds  to  the  case
such that the right eigenvector associated
with the dominant eigenvalue  λ = 1 of the
transition  matrix  with  harvests  is  W0 for
each time step.

By applying the “sustainable/stable” har-

vesting strategy to each scenario and set-
ting  X(0)  =  W0 (stable  diameter  distribu-
tion) as the initial condition, the basal area
of  the  stand  continuously  oscillates  bet-
ween the values Gmin (after harvesting) and
Gmax (before  harvesting),  and  the  stable
diameter  distribution  is  reached  at  each
time step. The calculations for the 27 sce-
narios of this study, obtained by combining
three rates of diameter growth with three
levels of recruitment (R = 200, 520, or 840
stems ha-1), and three levels of stand basal
area (G =  Gmax = 22, 24, or 26 m2 ha-1), are
shown in Tab. 2 along with the population
growth  rates  λ0,  the  “sustainable/stable”
harvest  rates  s,  and  the  minimum  basal
areas Gmin.

On the other hand, to compare the eco-
nomically optimal and the “sustainable/sta-
ble” harvesting strategies, the NPV values
corresponding to the “sustainable/stable”
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Tab. 2 - Numerical values for λ0, s, and stable distributions (G in m2 ha-1, Est. Dis. in stems ha-1).

Site Index G Variable
R = 200

stems ha-1
R = 520

stems ha-1
R = 840

stems ha-1

20 22 λ0 1.305091 1.477671 1.594240
s 0.233770 0.323259 0.372742
Gmin 16.857068 14.888296 13.799677
Est. Dis. [186.1, 122.9, 96.4, 77.2,

61.4, 47.5, 34.6, 22.1, 7.2]
[416.9, 239.8, 162.6, 110.9,
73.4, 45.7, 25.5, 11.4, 2.4]

[615.9, 325.9, 202.3, 125.4,
74.6, 41.1, 19.8, 7.4, 1.2]

24 λ0 1.292499 1.458959 1.571264
s 0.226305 0.314580 0.363570
Gmin 18.568685 16.450081 15.274322
Est. Dis. [188.3, 125.7, 99.8, 81.0,

65.4, 51.4, 38.3, 25.3, 8.6]
[423.2, 246.9, 169.9, 117.8,
79.4, 50.5, 28.9, 13.4, 2.9]

[626.4, 336.8, 212.6, 134.2,
81.5, 45.9, 22.7, 8.8, 1.5]

26 λ0 1.281305 1.442342 1.550881
s 0.219546 0.306683 0.355205
Gmin 20.291808 18.026241 16.764668
Est. Dis. [190.3, 128.3, 102.9, 84.5,

69.1, 55.3, 42.0, 28.5, 10.1]
[429.0, 253.5, 176.8, 124.3,
85.3, 55.3, 32.4, 15.5, 3.5]

[636.1, 347.0, 222.4, 142.6,
88.2, 50.8, 25.7, 10.2, 1.9]

17 22 λ0 1.262093 1.412527 1.514472
s 0.207665 0.292049 0.339704
Gmin 17.431369 15.574919 14.526515
Est. Dis. [233.3, 147.0, 113.7, 90.3,

71.1, 53.9, 37.2, 16.6]
[516.1, 280.5, 185.4, 123.4,

79.1, 46.6, 23.0, 6.5]
[757.0, 376.4, 226.4, 135.8,

77.3, 39.6, 16.4, 3.7]
24 λ0 1.251140 1.396188 1.494358

s 0.200729 0.283764 0.330816
Gmin 19.182509 17.189656 16.060414
Est. Dis. [236.3, 150.7, 118.0, 95.0,

76.1, 58.9, 41.9, 19.5]
[524.6, 289.4, 194.4, 131.7,

86.1, 52.0, 26.5, 7.8]
[771.0, 389.9, 238.8, 146.1,

85.0, 44.7, 19.1, 4.5]
26 λ0 1.241406 1.381684 1.476521

s 0.194462 0.276245 0.322732
Gmin 20.943989 18.817621 17.608961
Est. Dis. [239.1, 154.0, 122.0, 99.5,

80.9, 63.8, 46.6, 22.6]
[532.4, 297.7, 202.8, 139.6,

93.0, 57.4, 30.1, 9.2]
[783.9, 402.5, 250.5, 156.0,

92.7, 49.8, 22.0, 5.4]
14 22 λ0 1.220604 1.350816 1.439536

s 0.180733 0.259707 0.305332
Gmin 18.023866 16.286454 15.282699
Est. Dis. [295.4, 179.0, 138.1, 110.0,

86.7, 64.6, 32.8]
[644.2, 332.8, 216.0, 140.9,

87.0, 46.5, 14.8]
[937.6, 440.2, 257.8, 149.7,

80.5, 36.1, 9.2]
24 λ0 1.211164 1.336630 1.422004

s 0.174348 0.251850 0.296767
Gmin 19.815651 17.955611 16.877591
Est. Dis. [299.6, 183.8, 143.8, 116.4,

93.7, 71.8, 38.0]
[655.8, 344.3, 227.4, 151.3,

95.6, 52.8, 17.6]
[956.3, 457.2, 273.0, 162.1,

89.4, 41.4, 11.0]
26 λ0 1.202780 1.324044 1.406468

s 0.168593 0.244738 0.288999
Gmin 21.616583 19.636810 18.486024
Est. Dis. [303.4, 188.3, 149.1, 122.5,

100.4, 79.0, 43.6]
[666.3, 355.0, 238.2, 161.4,

104.2, 59.2, 20.4]
[973.6, 473.1, 287.6, 174.1,

98.3, 46.9, 12.9]
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strategies are given by (eqn. 10):

and  the  distance  between these distribu-
tions  can  be  evaluated  with  Keyfitz’s  Δ
(eqn. 11):

where xi and wi are the components of the
diameter distributions  X (optimal) and  W0

(stable), scaled to 1 (i.e., Σ xi = Σ wi - Keyfitz
1968). The maximum value of Δ is 1, and the
minimum of 0 occurs when the diameter
distributions  X and  W0 (scaled  to  1)  are
identical.  Smaller  values of  Δ result  when
the distributions X and W0 (scaled to 1) be-
come more similar.

Stumpage value model
The stumpage value model applied in this

study comes from López et al. (2013). It is a
generalization of the model proposed for
site index 20 in López et al. (2010) for Pinus
nigra in the Spanish Iberian System. In Tab.
3,  we  provide  the  stumpage  values  we
used to obtain the economic data (Monte-
ro et al. 1992, Trasobares & Pukkala 2004).
The  regression  models  adjusted  to  these
data appear in Fig. 2. The stumpage prices
of  Pinus nigra in Spain remained fairly sta-
ble  between  1994  and  2011  (MAGRAMA
2012).

The last row in Tab. 3 shows the average
price per cubic meter for trees belonging
to the different diameter classes. This price
is  obtained  by  adding  up  the  four  rows
above  showing  the  contributions  to  the
final value of a tree of the four industrial
destinations  according  to  the  percentage
of wood of each diameter class going into
each product  type.  The  prices  of  particle

board,  poles,  sawlog,  and  high-quality
sawlog are 6.0, 39.5,  19.6,  and 33.2  €  m-3,
respectively.  It  is  necessary  to  point  out
that the demand for timber poles in Spain
is  very  high  and  therefore  they  reach  a
higher price than larger size sawlogs.

Results
The transition probabilities in  Tab. 1, the

“sustainable/stable”  harvest  rates  s,  and

the stable diameter distributions W0 in Tab.
2 were replaced into the proposed discrete
optimal control model. Global optimal solu-
tions  to  each  corresponding  optimization
problem were found using Solver® by chan-
ging the hk(t) variables for k = 1, 2, …, n, and
t = 0, 10, 20, …, 70 years. Using this proce-
dure,  we obtained the optimal  state  xk(t)
and the control variables  hk(t); basal areas
before and after each harvest; optimal NPV

iForest 9: 599-607 603

Tab. 3 - Stumpage prices (€ m-3) of Pinus nigra in Spain according to its diameter class
and industrial destination.

Products
Diameter classes (cm)

<20 20-40 >40
Particle 6 1.2 0.6
Poles 0 11.85 0
Sawlog 0 9.8 11.76
High-quality sawlog 0 0 9.96
Total average price 6 22.85 22.32

Tab. 4 - NPV values (€ ha-1) for the “sustainable/stable” and the optimal harvesting strategies (Max. NPV) and NPV increase (%) for i =
3%, and different levels of site index, R, and G (G in m2 ha-1).

Site Index G Strategy
R = 200 stems ha-1 R = 520 stems ha-1 R = 840 stems ha-1

Value
(€ ha-1)

Increase
(%)

Value
(€ ha-1)

Increase
(%)

Value
(€ ha-1)

Increase
(%)

20 22 Sust/Stable 5347.3646 12.48 6118.0328 14.33 6383.5522 14.43
Max. NPV 6014.7773 6994.8646 7304.4446

24 Sust/Stable 5743.3336 12.24 6611.1260 14.36 6918.9460 14.35
Max. NPV 6446.4525 7560.6334 7911.8264

26 Sust/Stable 6130.4531 11.93 7096.2876 14.35 7447.4339 14.32
Max. NPV 6861.7018 8114.2591 8514.1776

17 22 Sust/Stable 4239.2159 9.69 4986.6137 12.75 5284.1332 13.84
Max. NPV 4649.9201 5622.2967 6015.6138

24 Sust/Stable 4542.7283 9.31 5373.9477 12.61 5710.9061 13.65
Max. NPV 4965.6346 6051.5239 6490.3456

26 Sust/Stable 4838.9236 8.97 5754.1367 12.51 6131.0587 13.44
Max. NPV 5272.7622 6473.7901 6955.3522

14 22 Sust/Stable 3202.5660 6.20 3906.4753 10.12 4224.8230 11.44
Max. NPV 3401.1319 4301.8564 4708.1096

24 Sust/Stable 3421.6868 5.77 4194.9510 9.74 4548.7650 11.36
Max. NPV 3619.2075 4603.4830 5065.3056

26 Sust/Stable 3635.0537 5.36 4477.2298 9.39 4866.5857 11.27
Max. NPV 3829.9429 4897.7062 5415.2350
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Fig. 2 - Stumpage value 
models (stumpage va-
lues v in € stem-1 and 
diameter D in cm). 
(I) Site index 20: v = 
D3.186471 exp(-7.704952 – 
8.678687 · 10-3 D); (II) 
Site index 17: v = D3.114196 
exp(-7.476506 - 
9.903125 · 10-3 D); (III) 
Site index 14: v = D2.987053 
exp(-7.110977 – 1.078752
· 10-2D). The coefficient 
of determination was 
always greater than 
0.9999.
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ry Fig. 3 - Population dynamics xk to maxi-
mize the NPV function throughout a har-

vest cycle of 70 years for G = 24 m2 ha-1

and i = 3% (left: Site index 20; middle: Site
index 17; right: Site index 14; first row: R =
200 stems ha-1; second row: R = 520 stems
ha-1; third row: R = 840 stems ha-1). The ini-
tial and final conditions are defined by the

stable diameter distributions.

Fig. 4 - Optimal harvesting strategies hk(t)
for G = 24 m2 ha-1 and i = 3% (left: Site index

20; middle: Site index 17; right: Site index
14; first row: R = 200 stems ha-1; second

row: R = 520 stems ha-1; third row: R = 840
stems ha-1). The dashed lines depict the

“sustainable/stable” harvest rates s.
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and  the  NPV  corresponding  to  the  “sus-
tainable/stable”  harvesting  strategy;  and
Keyfitz’s  Δ for  all  of  the  scenarios  consi-
dered. The discount rates applied fell bet-
ween 2% and 4%, as is typical of forest ma-
nagement studies.

The main results may be summarized as
follows:  (a)  Fig.  3 shows  the  population
dynamics  xk needed to maximize the NPV
function over 70 years with  G = 24 m2 ha-1

and  i = 3%;  (b)  Fig.  4 depicts the optimal
harvesting strategies hk(t) for G = 24 m2 ha-1

and i = 3%; (c) the NPV values and the NPV
increase between the “sustainable/stable”
harvesting strategy  s and the optimal har-
vesting  strategy  (maximizing  NPV  func-
tion) for  i = 3% and different values of site
index,  R and G are displayed in  Tab. 4; (d)
Tab. 5 shows the set of values for Keyfitz’s
Δ that correspond to the distance between
the  diameter  distribution  associated  with
the optimal harvesting strategy (for  t = 70
years) and the stable diameter distribution
(W0) for every period of the planning hori-
zon.  It  is  worth to notice that  the values
obtained were always very low and yielded
Δ =  0  for  t =  0  and  t =  70,  as  expected.
Moreover,  it  should  be  stressed  that  the
transition matrix  AT for the whole harvest
cycle from t = 0 to t = 70 years is the follo-
wing (eqn. 12):

and  that  λT =  1  for  all  of  the  scenarios,
where  λT denotes  the  population  growth
rate for the whole harvest cycle of  T = 70
years. Thus, considering the whole harvest
cycle,  these optimal  harvesting strategies
are sustainable. In addition to that, the sta-
ble  diameter  distribution  is  recovered  at
the end of the harvest cycle.

The optimal harvesting strategy aimed at
maximizing NPV subject  to the initial  and
final  stage conditions [X(0)  =  X(T)  =  W0],
results in higher NPV figures than the “sus-
tainable/stable” conditions. For  i = 3%, this
increment was always over 5.36% and rea-
ched a  maximum of  14.43% for  site index
20,  R = 840 stems ha-1 and  G = 22 m2 ha-1.
The NPV increase was greater for site index
20 than for site index 17 and site index 14.

The  influence  of  small  variations  in  the
discount rate or the natural mortality rates
on  the  optimal  harvesting  strategies  was
minimal because they did not change the
general pattern of the solutions found.

Discussion and conclusions
This  study  proposes  a  model  that  com-

bines an objective function comprising the
NPV of all the management operations in a
planning  horizon  of  T =  70  years  with  a
matrix model for the population dynamics,
constrained in the initial and final states to
be the stable diameter distribution of the
stand,  i.e.,  X(0) =  X(T) =  W0. The resulting
discrete optimal control model provides a
simple tool for heuristic analysis to answer
the “what if” questions in relation to forest
management plans.

Following  López et al. (2007,  2008,  2012,
2013),  we calculated the transition proba-
bilities  considering  that  pk is  an  average
global property shared by all of the indivi-
duals in the same class  k,  and that,  given
the  basal  area  constraints  and  the  low
basal  area  scenarios  of  this  study,  stand
density has a small  influence on diameter
growth. Moreover, in the case of constrai-
ned optimization matrix models,  in which
the  search  for  optimal  paths  throughout
the phase space is mainly governed by the

objective  function,  optimal  decisions  are
essentially  conditioned  by  the  stumpage
prices,  i.e.,  by  selective  harvesting,  and
thus stand density has a minor influence on
the objective function.

López et al. (2008) also show that results
obtained for λ0 are sensitive to the width w
of the diameter classes, such that the most
conservative values of λ0 and s result from
the  lowest  values  of  w,  which  does  not
allow an individual tree to jump over more
than one diameter class in a single projec-
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Tab. 5 - Set of values for Keyfitz’s Δ corresponding to the distance between the diam-
eter distribution associated with the optimal harvesting strategy and the stable diam-
eter distribution (given by W0) for every period of the planning horizon (note that Δ =
0 for t = 0 and t = T = 70).

Site Index G Year R = 200
stems ha-1

R = 520
stems ha-1

R = 840
stems ha-1

20 22 10 0.2504 0.3052 0.3164
20 0.2374 0.2609 0.2422
30 0.1864 0.1775 0.1704
40 0.1433 0.1502 0.1777
50 0.0875 0.0939 0.1505
60 0.0364 0.0829 0.0986

24 10 0.25 0.3261 0.3195
20 0.2377 0.2705 0.2433
30 0.19 0.1806 0.1597
40 0.1473 0.1432 0.1712
50 0.0889 0.0836 0.1409
60 0.0332 0.0794 0.1025

26 10 0.2356 0.3176 0.3247
20 0.2365 0.2685 0.2455
30 0.1882 0.1815 0.1565
40 0.1512 0.1553 0.1655
50 0.0888 0.095 0.132
60 0.0331 0.0762 0.1044

17 22 10 0.2002 0.2585 0.2785
20 0.194 0.1997 0.2175
30 0.1588 0.1588 0.188
40 0.1088 0.1235 0.1623
50 0.081 0.1007 0.1489
60 0.0306 0.0576 0.0718

24 10 0.1882 0.2512 0.2843
20 0.1912 0.1992 0.2168
30 0.1553 0.1571 0.1669
40 0.1083 0.1238 0.1435
50 0.0804 0.1013 0.1423
60 0.0319 0.0535 0.0691

26 10 0.1744 0.2457 0.2803
20 0.1854 0.2029 0.2149
30 0.1549 0.1564 0.1661
40 0.1099 0.1246 0.1333
50 0.0794 0.1016 0.1316
60 0.0329 0.0494 0.0721

14 22 10 0.1245 0.1923 0.1985
20 0.1234 0.1881 0.2135
30 0.1183 0.1636 0.1754
40 0.0875 0.1311 0.136
50 0.0801 0.0907 0.1072
60 0.0358 0.0401 0.0482

24 10 0.1201 0.1889 0.1968
20 0.1146 0.184 0.2063
30 0.1116 0.1569 0.1756
40 0.0837 0.1233 0.1441
50 0.0768 0.0864 0.1026
60 0.0349 0.037 0.0457

26 10 0.1141 0.1851 0.199
20 0.1059 0.18 0.2094
30 0.1049 0.151 0.1893
40 0.0848 0.1165 0.1473
50 0.0742 0.084 0.1002
60 0.0339 0.0377 0.0448
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tion. The minimum (integer) widths of the
diameter  classes  compatible  with  this
model assumption were  w = 6 cm for site
index 20, w = 5 cm for site index 17, and w =
4 cm for site index 14. However, because
the dominant eigenvalue λ0 and the stable
diameter distribution are not substantially
affected by small or even moderate chan-
ges  in  the  width  of  the  diameter  classes
(López et al. 2008), we assumed a width of
w =  6  cm  for  our  study  to  facilitate  the
comparison and presentation of results.

As  shown  in  Tab.  4,  the  NPV  increase
between  the  optimal  and  the  “sustaina-
ble/stable” harvesting strategies was rela-
ted to site quality. The highest NPV incre-
ments in absolute terms were obtained for
the scenarios corresponding to site index
20, G = 26 and high to medium recruitment
(R of 840 and 520 stems ha -1). Those incre-
ments were over 1000 € ha-1, with NPV va-
lues for the optimal strategies over 8000 €
ha-1. However, the NPV increase in relative
terms lies between 5.36% and 14.43%, sho-
wing  a  higher  increase  for  higher  quality
sites  and higher  recruitments.  For  site in-
dex 20 and R between 520 and 840 stems
ha-1, the NPV increase was always over 14%.

For high quality sites, the highest relative
advance on the NPV between the optimal
harvesting  strategy  and  the  “sustainable/
stable”  is  reached  for  medium  and  high
recruitment  (R between  520  and  840
stems ha-1), while for low-quality sites, this
relative  advantage  is  higher  for  high
recruitment (R = 840 stems ha-1).

By applying the optimal harvesting strate-
gies, the maximum value obtained for Key-
fitz’s Δ was 0.32, with small deviations from
the stable distribution throughout the har-
vest  cycle.  The  highest  Δ values  were
obtained for site index 20, R = 840 and 520
stems ha-1. On the other hand, the lowest
values of Δ were obtained for site index 14,
and  R = 200 stems ha-1 (with  Δ always less
than 0.125).

In low-quality sites, the optimal manage-
ment strategy leads to stand distributions
that  are  closer  to  the  stable  distribution
over the planning horizon than in medium-
or high-quality sites. On the other hand, it
is in these high-quality sites where the rela-
tive increase in the NPV is higher.

Regarding  the  optimal  harvesting  stra-
tegy (see  Fig. 3,  Fig. 4),  the harvest rates
are low for the first four diameter classes
throughout  the  planning  horizon.  As  ex-
pected,  harvests  for  the  seventh  and
eighth diameter  classes  are higher  at  the
beginning  of  the  planning  horizon  and
lower during the last three periods. Most
harvests  for  the  fifth  and  sixth  diameter
class  take  place  along  the  planning  hori-
zon.  For  medium  and  high  recruitments,
the highest harvest at the end of the plan-
ning horizon (t = 60) is performed mainly
on the fourth and fifth diameter classes.

It is interesting to note that the optimal
harvesting strategy results in a reasonable
harvesting  schedule,  which  follows  from
the dynamics of the stand, initial and final

conditions, and the time preference stated
by the NPV function, and that the NPV va-
lues  obtained  for  the  optimal  harvesting
strategies  from  this  study  lie  always  bet-
ween those of the optimal (but not sustai-
nable)  harvesting strategies shown in  Ló-
pez  et  al.  (2013),  where  no  restrictions
were introduced for the final state, and the
NPV  values  for  the  “sustainable/stable”
harvesting strategy.

In conclusion, the proposed optimization
model was used in this study to determine
economically optimal harvesting strategies
of  uneven-aged  Pinus  nigra stands  in  the
Spanish Iberian System, when the popula-
tion  dynamics  are  governed  by  a  matrix
model, the initial and final diameter distri-
butions  are  constrained  to  be  the  stable
diameter  distribution  [X(0)  =  X(T)  =  W0],
and a set of constraints is stated to main-
tain  the  stand  basal  area  within  narrow
ranges commonly used in the management
of this species. Under such conditions, this
study shows that there are sustainable har-
vesting  strategies  that  retain  the  stable
diameter  distribution  of  the  stand  at  the
end  of  the  planning  horizon,  yielding  a
higher  NPV  than  the  “sustainable/stable”
scenario,  especially  for  high-quality  sites,
although  these  NPVs  are  lower  than  the
corresponding values for the economically
optimal harvesting strategies.
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